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HOMOCLINIC LOOP AND MULTIPLE LIMIT CYCLE
BIFURCATION SURFACES

L. M. PERKO

ABSTRACT. This paper establishes the existence and analyticity of homoclinic
loop bifurcation surfaces # and multiplicity-two, limit cycle bifurcation sur-
faces € for planar systems depending on two or more parameters; it determines
the side of % or & on which limit cycles occur; and it shows that if # and
% intersect, then typically they do so at a flat contact.

1. INTRODUCTION

Consider a Ck or analytic system
(lll) X=f(x9”)3

with 1 <k < o0, x€ R?, y € R", and m > 2, which has a homoclinic
orbit yo(f) or a semistable, multiplicity-two limit cycle xo(¢) for # = up.
Typically, as g varies from g, the homoclinic loop breaks or the semistable
limit cycle either vanishes or splits into two simple limit cycles. However, if
certain integrals along yo(¢f) or xo(¢) are not equal to zero, then it is shown
that there are (m — 1)-dimensional, C*¥ or analytic surfaces # or & through
the point uo in the parameter space R™ on which (1,) has a homoclinic
loop or a semistable, multiplicity-two limit cycle (if k > 2 in the latter case);
furthermore, the signs of these integrals determine the side of /# on which a
limit cycle bifurcates from the homoclinic loop yo(¢) and the side of & on
which two simple limit cycles bifurcate from the multiplicity-two limit cycle
xo(¢) . If the surfaces #Z and % intersect, then for C* or analytic systems it
is shown that they typically do so at a flat contact.

If for g = po, the system (1,) has a multiple limit cycle xo(¢) of multiplicity-
two, then a classical formula for the derivative of the Poincaré map or of the
displacement function with respect to the parameter g, equation (36) on p.
384 in [1], makes it possible to use the Weierstrass preparation theorem to
establish the existence of a multiplicity-two, limit cycle bifurcation surface &
for (1,) provided that certain integrals along xo(t) are not all zero and k > 2.
This formula has proved to be immensely useful in studying bifurcations of
limit cycles; cf. [2-6]. On the other hand, if (1,) has a homoclinic orbit yo(t)
for 4 = uo, a formula for the derivative of the displacement function with
respect to the parameter g is not readily available in the literature. (However,
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integral formulas for the distance between saddle separatrices do appear in the
literature and even in some of Poincaré’s early work; cf. the historical comments
in Remark 11 at the end of Appendix 1.) Thus, in §2, we define the displacement
function d(u) which measures the distance between the saddle separatrices
of (1,) that form the homoclinic loop yo(f) for g = mo, establish that it is
a Ck or analytic function of g, and then employ a technique used by Duff
[7] in the early 1950s for integrating the first variation of (1,) with respect
to u along a trajectory of (l,) in order to derive a formula for d,(uo) in
terms of certain integrals along yy(¢); cf. Lemma 2 in §2 of this paper. These
integrals are related to the Melnikov integral for perturbed dynamical systems
introduced by Melnikov in the early 1960s; cf. [8] or [9]. This relationship is
discussed in Appendix I. The formula for d,(u) then makes it possible to use
the implicit function theorem to establish the existence of a homoclinic loop
bifurcation surface /# for (1,) provided that certain integrals along yo(Z) are
not all zero. This technique for establishing the existence (and analyticity) of
the homoclinic loop bifurcation surface # for (1,) generalizes the technique
used by the author in [10] to analyze the Bogdanov-Takens system. Several
interesting examples of systems with homoclinic loop and/or multiple limit
cycle bifurcation surfaces appear in the literature; cf., e.g., [10-15]. Some of
the results in [10-15] follow directly from the theorems in this paper and, in
addition, it follows from Theorem 5 and its corollary in §4 that the surfaces #
and % for the systems in [11-15] intersect at a flat contact. The nature of the
intersection of the homoclinic loop bifurcation curve # and the multiplicity-
two, limit cycle bifurcation curve & was not discussed in [12] or [13]; however,
their intersection was shown to be exponentially flat for the specific systems
studied in [11, 14, and 15] and this result was recently generalized to generic
systems of the form (1,) with x € R", 4 € R? and 7 < k < oo in [16]. We
extend this result in §4 where we show that # and % intersect at a flat contact
for generic systems (1,) with x € R?, g € R?, and k = co. Note that the
intersection of two curves being exponentially flat does not necessarily imply
that they intersect at a flat contact. For example, the function

Kk(x) = e~ Y*sin(e!/¥)

is exponentially flat at x = 0, but it does not have a flat contact, i.e., a contact
of infinite order, with the x-axis at x = 0 since x’(0*) does not exist. These
concepts are defined and discussed more thoroughly in §4.

We begin this paper with a discussion of homoclinic loop and multiplicity-
two, limit cycle bifurcation surfaces in §§2 and 3 respectively and then discuss
their intersections in §4.

2. HOMOCLINIC LOOP BIFURCATION SURFACES

Suppose that the C* or analytic system (1,), with 1 < k < 00, x € R,
# €R™ and m > 2, has a homoclinic loop

Io:x=y(t), —0 <t <00,

at a hyperbolic saddle 0 for g4 = go. Then Sy =T U {0} is a separatrix cycle
and typically, as g varies from g, in the parameter space R™, S, vanishes,
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1.e., the saddle connection is broken. However, if one of the integrals

) I = / e Jo VI B A £ (30(0), po) dt
for j=1, ..., m,does not vanish, then locally there is an (m—1) dimensional,

Ck or analytic manifold /# on which (1,) has a homoclinic loop. This is

made precise in the following theorem where we assume that I; # 0 and let
— (0 (0)

/lo—(#l seees Um') .

Theorem 1. Suppose that for u = py the C* or analytic system (1,) with

1 <k <o and m > 2 has a homoclinic orbit yo(t) at a hyperbolic saddle

of (1u,) and that I, # 0. Then given ¢ > 0, there exists a 6 > 0 and a

unique function h(uy, ..., lm) With h(ugo) yeens uf,?)) = /4(10) , defined and C*
or analytic for |u; — u§°)| <d, j=2,...,m, such that the system (1,) with
ur = h(uz, ..., um) and |u; —uﬁ.o))| <0 for j =2,...,m has a unique
homoclinic orbit in an e-neighborhood of Ty ; i.e., (1,) has a unique, local, (m—

1) dimensional homoclinic loop bifurcation surface #: uy = h(ua, ..., Um)
through the point uy € R™ .

Before proving this theorem, we state two important corollaries which deter-
mine the side of the homoclinic loop bifurcation surface # on which a limit
cycle bifurcates from the homoclinic loop of (1,) with u; = h(ua, ..., fim).
In order to succinctly state these corollaries, we let wy = +1 according to
whether the separatrix cycle S; is positively or negatively oriented respectively
and we note that if (1,,) has a homoclinic loop I'y at a hyperbolic saddle at
0 then according to Lemma 2 on p. 300 in [1], the Poincaré map for (1,,) is
defined along a normal line to I’y either on the interior or on the exterior of
So =To U {0} ; cf. Figure 1(a) or (b) respectively (see next page).

In view of the above observation, if V - f(0, ) # 0 we can define the
quantity
(3) 6o = +sgn[V - f(0, xo)]
according to whether the Poincaré map is defined on the exterior or on the
interior of Sy respectively. It then follows from Theorem 44 on p. 304 in [1]
or from Theorem 1 in §4.7 of [9] that if V -f(0, uy) # 0 and the Poincaré map
is defined on the exterior of Sy then S is unstable or stable on its exterior iff
oy = 1 respectively; and if V -f(0, g¢) # 0 and the Poincaré map is defined
on the interior of Sy then Sy is unstable or stable on its interior iff 69 = F1
respectively.

Corollary 1. Suppose that in addition to the hypotheses of Theorem 1, V-f(0, u)
# 0 and we let 6y be the quantity defined by (3). If we let Auy = uy —
h(uz, ..., Um), then given ¢ > 0 there exists a 6 > 0 such that for |u—po| < 6

(a) thesystem (1,) has a unique hyperbolic limit cycle in an e-neighborhood
Of Fo lf woool | Apy > 0,

(b) the system (1,) has a unique separatrix cycle in an e-neighborhood of
Iy iff Auy =0, and

(c) the system (1,) has no limit cycle or separatrix cycle in an e-neighbor-
hood of Ty if woogl1Auy < 0 cf. Figure 2.
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(a)

h(x)

(b)

FIGURE 1. The Poincaré map, h(x), for (1,,) is de-
fined either on (a) an interior neighborhood of S or
on (b) an exterior neighborhood of S

K
0 H2
FIGURE 2. If woool; > 0, then locally (1,) has a
unique limit cycle near I'y if gy > A(uz, ..., wm) and
no limit cycle near I'y if uy < h(uz, ..., tm)

Next, let us define the quantity
o0
(4) h=t [ V-t mds
=00

according to whether the Poincaré map is defined on the exterior or on the
interior of Sy respectively; cf. Figure 1. If V. (0, #o) # 0 then according
to Lemma 6 on p. 302 of [1], Ip = +oo; however, if V -f£(0, go) = 0, then
the quantity I, may exist as a nonzero real number. If so then it follows from
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Lemma 5 on p. 293 in [1] and equation (5) on p. 301 in [1] that S; is unstable
or stable on its exterior if I is positive or negative respectively and that Sy is
unstable or stable on its interior if I is negative or positive respectively.

Corollary 2. Under the hypotheses of Theorem 1, if the quantity Iy defined by
equation (4) is a nonzero, real number, then given ¢ > 0, there exists a 6 > 0
such that for |u — po| < and Apy = puy —h(ua, ..., Um),

(a) thesystem (1,) has a unique hyperbolic limit cycle in an e-neighborhood
of Ty if wolpl1Auy >0,

(b) the system (1,) has a unique separatrix cycle in an e-neighborhood of
ro l]fA,ul =0 and

(c) thesystem (1,) either has exactly two hyperbolic limit cycles, or a unique
multiplicity-two limit cycle, or no limit cycle in an e-neighborhood of Ty
if wolpl1Auy <0.

Remark 1. If the system (1,) defines a one-parameter family of rotated vector
fields with parameter u;, then according to the definition of a family of rotated
vector fields, Definition 1 in [7], fAf, > 0 and it follows that I; > 0. Hence,
all of the above results hold and, furthermore, in the case when (1,) is an
analytic system, the rotated vector field theory in [7 and 17] and the uniqueness
of analytic continuations, Theorems 4-6, p. 34 in [18], allow us to establish the
existence of a global, analytic, homoclinic loop bifurcation surface # . This
was carried out for the Bogdanov-Takens system

xX=y, y=x(x-1)+my+pxy

in [10]; cf. Figure 3. Note that it follows immediately from the above differential
equations for the Bogdanov-Takens system that

wo=1, ao=—sgn[V-£(0,0)]=—p,

and that I; > 0 since the Bogdanov-Takens system defines a one-parameter
family of (positively) rotated vector fields with parameter u;. The side of the
homoclinic loop bifurcation surface # on which the Bogdanov-Takens system
has a unique limit cycle therefore follows from Corollary 1; cf. Figure 3.

The fact that there exists a unique limit cycle in the global region shaded
in Figure 3 follows from the uniqueness of the limit cycle of the Bogdanov-
Takens system, established in [19], and the theory of rotated vector fields in

FIGURE 3. The global homoclinic loop bifurcation curve
# for the Bogdanov-Takens system
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[17] which shows that the Bogdanov-Takens system has a supercritical (or sub-
critical) Hopf bifurcation at u; = 0 if u; <0 (orif u; > 0). The shape of the
global, homoclinic loop bifurcation curve # shown in Figure 3 was determined
numerically.

Remark 2. If the separatrix cycle Sy is the boundary of a period annulus of
(14) , i.e., the boundary of a one-parameter family of periodic orbits of (1,,),
then both V - £(0, #y) = 0 and the integral defined in (3), Iy = 0. However,
even in this highly degenerate case, some results determining the side of #
on which a limit cycle bifurcates from the homoclinic loop I'y of (1,,) are
available for perturbed periodic systems when I, # 0. See Theorems 3.3 and
3.5 in [6] or Theorem 3 in [20].

In order to prove Theorem 1, we first note that if the system (1,,) has a
hyperbolic saddle at 0, then det Df(0, uo) < 0 and it follows from Theorems
1 and 2, p. 305 in [21] that for sufficiently small |g — uol|, the system (1,) has
a hyperbolic saddle at a point x(u#) which approaches 0 as g — uo; in fact,
x(u) isa Ck or analytic function for all sufficiently small |z — go|. Therefore,
under the C* or analytic change of coordinates x — x — x(4) , the system (1,)
will have a hyperbolic saddle at the origin for sufficiently small |g — uo| and
this is assumed to hold throughout the remainder of this paper.

We let xo = y9(0) and define the unit vector uy = f(xg, #o)/|f(xo, #o)|, and
the normal line

Iy = {x € R*|(x — xo) - f(Xo, o) = 0}

See Figure 4. As was mentioned in the introduction, Theorem 1 follows from
the implicit function theorem by using a formula for the derivative of the dis-
placement function d(u) with respect to 4. So in order to prove Theorem 1,
we first of all define the displacement function d(u), establish its continuity
or analyticity, and derive a formula for d,(uo). Geometrically, the displace-
ment function d(u) is the distance between the saddle separatrices I, and I';
along the normal /; to the homoclinic loop I'y as shown in Figure 4. Clearly
d(po) =0.

In order to give a precise analytical definition for d(u#) and to establish that
it is a C* or analytic function, we use the stable manifold theorem, Theorem
1.3.1, p. 13 in [8] or Theorem 1, p. 107 in [9] (cf. Theorem 1 in Appendix II
of [10] for the analytic case). Under the hypotheses of Theorem 1, the stable
manifold theorem implies that there exists a > 0 such that for |u — go| <
0 and |y| < 26 there are unique C* or analytic functions w,(y,, ) and
v2(y1, u) describing the local stable and unstable manifolds

Sy:y2=w2(y1,4) and U, :yi=wi(y2, #)

respectively at the hyperbolic saddle 0 of the system (1,) in coordinates (yi,y2)
along the one-dimensional stable and unstable subspaces E; and Ej of (1,)
which are tangent to S, and U, at 0 respectively. It follows that for |g— | <
d , the point y*(u) = (6, y»(J, ) € S and the point y*(u) = (y1(, #), d) €
U,. If C(u) is the diagonalizing matrix for Df(0, u) (see the proof of the
stable manifold theorem on p. 107 in [9]), then in terms of the original coor-
dinates (x;, x;) we obtain the points x*(#) = C(u)y*(4) € S, and x*(u) =
C(u)y*(u) € U, . Furthermore, x°(4) and x“(u) are C* or analytic functions
of u for |u—puo|<é.




HOMOCLINIC LOOP BIFURCATION SURFACES 107

0 IN
ly
d(p) X

H=H, L # Uy

FIGURE 4. The displacement function d(u) defined for
M near ug

Now let ¢(¢, &, u) denote the solution of (1,) which satisfies the initial
condition ¢(0, &, #) = &. We can then define the following C* or analytic
functions representing the separatrices I';, and I’ respectively: x°(¢, #) =
&(t, x*(u), p) and x*(z, p) = P(t, x*(u), u) for |u—po| < J and ¢ € R.
Then since the homoclinic loop I'y of (1,,) crosses the normal line /, at xo,
it follows that there exists a ¢ < 0 and a ¢§ > 0 such that x*(¢§, o) = X0 =
x“(t§, wo) . In fact, by the uniqueness of solutions, we have x*(¢ + ¢, go) =
vo(t) = x*(t + t§, po) for all ¢ € R. We now define the points xj(u) and
xg(u) shown in Figure 4 where the separatrices I'; and I'; cross the line /o
respectively.

Lemma 1. Under the hypotheses of Theorem 1, there exists a 6 > 0 and unique
functions ©5(u) and t*(u) which are C* or analytic for |u — mo| < & such
that v*(u) — t§ and t(u) — t§ as p — po and such that the points xj(p) =
X(t°(u), u) € lo and x*(u) = x"(t"(u), p) € lo for |p— po| <9 ; cf. Figure 4.
Proof. For t € R and sufficiently small |g — uo|, let x°(¢, #) be the C* or
analytic function, representing the separatrix IS, , defined above and let

S(t’ ”) = [xs(t’ /‘) - X()] * f("Oa .”0) .
Then S(t, #) is a Ck or analytic function for ¢ € R and all sufficiently small
|# — po| . Furthermore, S(zj, #o) = 0 since x°(¢y, uo) = Xo and
O3 (1. mo) = X2, )80, 0) = 70(0) -f(x0, ) = If(x0, o) # 0

since Xo = y0(0) is not a critical point of (1,,). Thus, by the implicit function
theorem for C* or analytic functions, Theorems 10.2.3 and 10.2.4, p. 268 in
[22] respectively, there exist a § > 0 and a unique function 7°(g) which is
Ck or analytic for |u — gg| < 6 such that 75(g) — ty as u — po and such
that S(t5(u), u) =0 for all |u — po| < J; i.e., forall |u— go| < J, the point
xo(u) = x°(t*(u), p) € lp. Tt is similarly shown that there is a unique function
7#(u) whichis C* or analytic for |#—uo| < & such that t*(g) — 14 as g — uo
and such that x§(u) = x*(t“(u), u) € [y forall |g— po| <.

Definition 1. The displacement function

d() = [xg(m) — x5(#)] Ao
where the points x{(u) € [y and x{(u) € [y are defined in Lemma 1 for |u —
Ho| < &, the unit vector uyg = f(xo, #0)/|f(xo, #0)| and the wedge product of
two vectors X, y € R? is defined by x Ay = x;y, — y1 x5 ; cf. Figure 4.
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By Lemma 1, the displacement function d(u) is a C* or analytic function
for |u — po| < & when (1,) isa C* or analytic system respectively. And the
system (1,) has a homoclinic loop at the hyperbolic saddle 0 iff d(u) = 0.
The components of the derivative d,(u) are given in the next lemma.

Lemma 2. Under the hypotheses of Theorem 1, for j=1,2,..., m,

(5) dy;(mo) = —wol;/1f(xo , po)

where wo = x1 according to the orientation of the homoclinic orbit yo(t), Xo =
70(0) and I; is defined by (2).

Before proving Lemma 2, we note that, according to Lemma 1, the sepa-
ratrices I, and T cross the straight line /o at the points xj(#) and x{(#)
respectively; cf. Figure 4. In proving Lemma 2, it is convenient to define the
Ck or analytic functions

X, (1) = @(t, xp(u), #) and x;(t) = o2, x5(u), #)

representing I, and I'; respectively for ¢ € R and |4 — mo| < 6. We only
prove Lemma 2 for the case when j = 1; the other cases follow in exactly the
same way.

Proof. According to Definition 1,

d(u) = [xg(s) — xp(a)] Aug

and then, following Duff’s notation on p. 22 in [7], we define n to be the
coordinate along the normal line /, (with » > 0 on the exterior of Iy and
n < 0 on the interior of I'y) and we therefore have

d(mo) = n*(0, po) — n°(0, mo)

where the functions n*(z, ) =[x} (1) —Xo] Ao and n*(¢, ) = [x(¢) —Xe] Aug
are the projections of the vectors [x}(¢) —Xo] and [x;} () — xo] onto the line Jy
respectively. It follows that

_[0xg ox _ on" _on’
(6)  dy (o) = oL (#0) oL (#o)| Ao = i (0, o) oL (0, mo).
But then, as in equation (3.8) in [7],
on’ wop(t, #)
7 —(t, 4 = —— 2
@ ou " #) = M (0. a)

where the function p(t, #) satisfies the first order linear differential equation

0
®) S5 = V15,0, WP~ EA L, (50, )
obtained from the variational equation of the system (1,) with respect to u;
along the trajectory x;(#) of (1,); cf. the derivation of equations (7) and (8)
in Appendix II. Note that equation (8) is equivalent to equation (3.14) in [7].
The solution of the linear differential equation (8) is given by
131

) |pt, we V'f(f,(r'),pw]

] t S (4 ’
== [T e h T B g, (1), .

to 14
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See equation (3.15) in [7]. Now using the fact that f(x}(f), #) — 0 as ¢ — oo,
which follows from the fact that x;(¢) approaches the saddle 0 of (1,) as
t — oo, it follows from equation (7) that p(¢, ) — 0 as ¢t — oo (since, by
Lemma 6 in [17], 0x;/0u; remains bounded as ¢ — oo). Thus, setting # = 0
and letting ¢, — oo in (9) yields

(10) p0. )= [ e BTSN g (1), )t
Similarly,

B M) = 0, )
where j(t, u) satisfies the linear differential equation (8) with xj(¢) in place
of x5(¢). It then follows, since (¢, #) — 0 as t — —oo, by setting ¢; =0 and
letting fyp — —oo in (9), that

0
(12) /3(0,#)=—/

—00

e_fo Vof(x}‘.(t’),/l)dz'f/\fm(xz(t), u)dt.

But for g = mo, x;(¢) = yo(t) = x(¢) for all £ € R and therefore, it follows
from equations (6), (7), (10), (11), and (12) that

1) .
dy, (#o) = m[l’(m #o) — (0, po)]
oo 4 ' ’
=~ s [l T O g (), )
_ __ wol
[f(xo , #0)|

according to the definition of I; in (2). This completes the proof of Lemma 2.

The proof of Theorem 1 is now an easy consequence of the implicit function
theorem.

Proof of Theorem 1. Under the hypotheses of Theorem 1, it follows from Lem-
mas 1 and 2 that for sufficiently small | — uo|, the displacement function
d(u) is a C* or analytic function which satisfies d(go) = 0 and du, (mo) =
—wol;/|f(xo, uo)| # 0. It therefore follows from the implicit function theorem
for C* or analytic functions, Theorem 10.2.3 or Theorem 10.2.4 on p. 268 in
[22] respectively, that there exista d > 0 and a unique function A(u,, ..., im)

which satisfies h(ugo), cees ,uﬁ,?)) = ,u(lo) and d(h(Ua, ..o s Um)s U2y onn s Um) =

0 for |u,-—u§.°)| <d, j=2,...,m; furthermore, h(uy,..., un) isa Ck

or analytic function for |u; — u§°)| <d, j=2,...,m. It therefore follows

from the definition of the displacement function d(u) that the system (1,)
with 4y = h(uz, ..., um) and |u; —u§°)| <d, j=2,...,m, has a homo-
clinic orbit I', . Furthermore, if u; = h(u,, ..., um), then d(u) =0, i.e., the
functions xj(#) and x{j(u) defined in Lemma 1 satisfy x(#) = x4(4), and by
the uniqueness of solutions of (1,), x, (1) = x;(¢) forall ¢ € R. It follows that
Iy is represented by x;(¢) or x, (1) for ¢ € R. By continuity of solutions with

respect to initial conditions,

(13) lim x;(¢) = lim x;(¢) = yo(?)
A—Ho A=
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for ¢ € R, the convergence being uniform on any compact time interval —a <
t < a according to Theorem 4.1 on p. 58 in [23]. And according to the stable
manifold theorem for sufficiently large a > 0, the limits in (13) are uniform for
all t>a and ¢ < —a. Thus, given ¢ > 0, thereisa J > 0 such that for r € R
and |’l _”Ol <4 with A= (h(IuZ’ cees lum)’ M2y onns Aum)’ |xf,(t) —YO(t)l <g&;
i.e., the homoclinic orbit I', is in an é-neighborhood of I'y. Finally, it follows
from the uniqueness of the function A(u,, ..., um) and the uniqueness of
solutions if (1,), i.e., the uniqueness of the separatrices I'; and I';, which
approach 0 as ¢ — oo respectively, that I', is the only homoclinic orbit
in an e-neighborhood of I’y for |# — ug| < . This completes the proof of
Theorem 1.

Proof of Corollary 1. We shall only prove Corollary 1 in the case when the
Poincaré map is defined on the interior of S;. The other case is treated in a
similar fashion. Then under the hypotheses of Theorem 1, if V -£(0, #9) # 0,
it follows from Theorem 44, p. 304 in [1] or from Theorem 1 of §4.7 of [9]
that the separatrix cycle Sy = I'o U {0} is stable or unstable on its interior
if g9 = —sgn[V - f(0, go)] = £1 respectively. Thus, there exists an interior
neighborhood N, of Sy such that all trajectories of (1,,) which start in N,
spiral out toward Sy as ggt — oo ; and, in particular, the trajectory through the
point p, on [y, with coordinate n = —¢/2, spirals out toward I'y as oot — oo
But then, according to the continuity of solutions with respect to parameters,
it follows that there is a 6 > O such that for |u — uy| < & the trajectory
of (1,) through the point p, on [, crosses [y again at a point to the right
(or left) of p, on [y if gy > 0 (or if gy < 0); cf. Figure 5. Consider the
case when wol; > 0. (The case when wol; < 0O is treated similarly.) Then
according to equation (5) in Lemma 2, d, (40) < 0. And by the continuity of
d,, (u), it follows that there is a J > 0 such that d, (4) < 0 for all |g — uo| <
J. Let # be the homoclinic loop bifurcation surface defined in Theorem
1. Then if 4* € # and |u* — po| < 0 we have d(u*) = 0 and d,, (#*) <
0. It therefore follows from the mean value theorem that for |ug — #o| < 6,
d(p) =d, (i)Au, where Au; = uy —h(pa, ..., tm) and ji = g+ se;Auy with
e, =(1,0,...,0) and 0 <s < 1. Thus, if Au; >0 and |g — mo| < J, it
follows that d(u) < 0; i.e., n*(0, u) < n*(0, u) and if gp > O, it follows
from the Poincaré-Bendixson theorem that (1,) has a stable limit cycle in an
e-neighborhood of I'y. Cf. Figure 5(a). Similarly, if Ay <0 and |g—po| <6
then d(u) > 0; ie., n*(0, u) > n*(0, #) and if gy < 0, it follows from
the Poincaré-Bendixson theorem that (1,) has an unstable limit cycle in an
e-neighborhood of TI'y. Cf. Figure 5(b). Thus, for |4 —mo| < J, (1) has a
limit cycle I', in an e-neighborhood of I'y if wgljgpAu; > 0. The uniqueness
of the limit cycle follows from the fact that if V.f(0, #) # O then at most
one limit cycle bifurcates from I'y as u varies from ug; cf. Theorem 47, p.
312 in [1] or Theorem 2 in §4.7 of [9]. And the hyperbolicity of the limit
cycle I', follows from Theorems 42 and 47 in [1]. This completes the proof
of part (a) of Corollary 1. Part (b) of Corollary 1 follows immediately from
Theorem 1 and its proof. And part (c) of Corollary 1 follows from the fact that
if V-£(0, uo) # 0 then (1,) has at most one limit cycle in an &-neighborhood
of I'y (according to Theorem 47, p. 312 in [1]) and an argument similar to
that used above (based on the Poincaré-Bendixson theorem) which implies that
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(a) 6, >0

(b) o, <0

FIGURE 5. For wp > 0 and I; > 0, the system (1,)
has a limit cycle if god(u) <O, i.e., if gpAu; >0

if (1,) has a unique limit cycle in an ¢-neighborhood of I'y, then it must be a
semistable limit cycle. But then, according to the theory of rotated vector fields
in [7] or [17], an arbitrarily small rotation of (1,) would cause the semistable
limit cycle to split into two limit cycles contradicting the uniqueness result in
Theorem 47 on p. 312 in [1]. Thus, for wel,00Au; < 0, (1,) has no limit cycle
in an e-neighborhood of I'y and by part (b), (1,) has no separatrix cycle in an
e-neighborhood of I'y for Au; # 0. This completes the proof of Corollary 1.

Proof of Corollary 2. We only prove Corollary 2 in the case when the Poincaré
map for (1,) is defined on an interior neighborhood of Sy. The other case is
proved in a similar fashion. It then follows from the continuity of solutions of
(1,) with respect to initial conditions and parameters, Lemma 5 on p. 293 in
[1] and equation (5) on p. 301 in [1] that the separatrix cycle So =I'oU {0} of
(1,,) is stable or unstable on its interior according to whether the integral I
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along yo(t), defined in (4), is positive or negative respectively. A repeat of the
argument used in the proof of Corollary 1 (based on the Poincaré-Bendixson
theorem) can then be used to show that if wolol;Ap; > 0 then for |u—uo| <6,
(1,) has at least one limit cycle I', in an e-neighborhood of T’y (cf. Figure 5).
But according to Roussarie’s theorem in [37], under the hypotheses of Corollary
2, (1,) has at most two limit cycles in an ¢-neighborhood of I'y. Therefore,
I', is a hyperbolic limit cycle and it is unique. This completes the proof of
part (a) of Corollary 2. Part (b) follows immediately from Theorem 1 and its
proof. And part (c) follows as in the last part of the proof of Corollary 1 using
Roussarie’s theorem in [37]. This completes the proof of Corollary 2.

Note that under the hypotheses of Corollary 2, it follows from Lemma 6 on
p. 302 in [1] that V - (0, go) = 0 and we cannot use Theorem 47 on p. 312
in [1] to establish that there is only one limit cycle near I'y if wolol;Apy > 0
and no limit cycle near I'y if wolol;Au; < 0. In fact, an example, showing
that all three of the possibilities listed in part (c) of Corollary 2 can occur when
wolol1 Ay < 0, is given at the end of the next section.

3. MULTIPLE LIMIT CYCLE BIFURCATION SURFACES

Suppose that the C* or analytic system (1,), with 2 < k < 00, x € R,
u € R™ and m > 2, has a multiplicity-two limit cycle

L03X=X0(t), 0<t< Ty,

of period Ty for g = uo. Then typically as a4 varies from g in the parameter
space R™, L, either vanishes or it splits into two simple limit cycles. However,
if one of the integrals

o [ Vtxols) o) o) ds
(14) JjE/O e Jo VTORLILEIEE AL, (x0(1) , po) dt

for j =1, ..., m,does not vanish, then locally there is an (m—1) dimensional,
C* or analytic manifold & on which (1,) has a multiplicity-two limit cycle.
This is made precise in the following theorem where we assume that J; # 0,
let wy = £1 according to whether the limit cycle L, is positively or negatively
oriented respectively, and let go = +1 according to whether L, is stable or
unstable on its interior respectively. Note that it then follows that gy = 1
according to whether L is unstable or stable on its exterior respectively.

Theorem 2. Suppose that for u = uo the C* or analytic system (1,) with
2 <k <00 and m > 2 has a multiplicity-two limit cycle xo(t) of period
To and that J, # 0. Then given ¢ > 0, there exists a 6 > 0 and a unique
Sfunction g(uy, ..., Um) with g(,ugo), e uf,?)) = ,u(lo), defined and C* or an-
alytic for |u; — u§°)| <48, j=2,...,m, such that the system (1,) with

w = 8oy ..., tm) and |u; —u}o)l <d for j =2,...,m has a unique
semistable limit cycle of multiplicity two, L, : x = x,(t) of period T, in an
e-neighborhood of Ly where T, — Ty as u — po, i.e., (1,) has a unique, local,
(m — 1)-dimensional saddle-node bifurcation surface € : uy = g2, ..., m)
of multiplicity-two limit cycles of (1,) in the sense that for u € €, the sys-
tem (1,) has a saddle-node bifurcation at each multiplicity-two limit cycle L,
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Ky

)

FIGURE 6. If wgooJ; > 0, then locally (1,) has two
simple limit cycles near Ly if u; > g(uz, ..., um) and
no limit cycle near Ly if uy < g(u2, ..., tm)

of (1,)with p € € where L, splits into a simple stable and a simple unsta-
ble limit cycle if woooJiAuy > 0 and L, vanishes if woooJiApy < 0 where
Apy = py — g(ua, ..., um). Cf. Figure 6.

Remark 3. For m = 2, Theorem 2 reduces to Theorem 3 in [4]. Also, in
the terminology of [24], the manifold # is a local saddle-node bifurcation
surface of multiplicity-two limit cycles of (1,) and the set of C* or analytic
vector fields f(x, #), with x € R?> and g € R™, with m > 2, which satisfy
the hypotheses of Theorem 2, is an open dense subset of the set of all C*
or anaiytic vector fields f(x, #) having a multiplicity-two limit cycle L, at
4 = uo . Furthermore, for k > 2, multiplicity-k limit cycle bifurcation surfaces,
their existence, extension and termination, are studied in detail in [24].

Remark 4. If the system (1,) defines a one-parameter family of rotated vector
fields with parameter u; then J; > 0, cf. [7] or [17], and Theorem 2 applies;
furthermore, in the case when (1,) is an analytic system, the rotated vector field
theory in [7] and [17] and the uniqueness of analytic continuations in [18] can
be used to establish the existence of a global, analytic, saddle-node bifurcation
surface of multiplicity-two limit cycles, % .

An excellent example illustrating the theory in this paper is the quadratic
system

X=(2—pm— Dx+y—x2+(1+p)xy -2,
y=2x+2x%/3 - xy

studied by Rousseau in [12]. Rousseau established the existence of global ho-
moclinic loop and saddle-node bifurcation surfaces # and % for this system
in [12] along with the fact that there is a supercritical (or subcritical) Hopf bi-
furcation at u; = 0 if u; > 0 (or if u; < 0). Cf. Figure 7. The shape of
the bifurcation curves # and # shown in Figure 7 was determined numeri-
cally. Also, it was determined numerically by the author that the intersection
of # and % occurs at uy = (—1.065, —.065), and that if 4 = g, then
V-1f0,u)=0, Ip=-52, I, =.59, and I, = —4.2. It follows from the
above differential equations that wo = +1 and that V-f(0, uo) # 0 if o # 4} ;
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Ky

1,

FIGURE 7. The bifurcation diagram showing the homo-

clinic loop and multiplicity-two bifurcation curves #

and % for Rousseau’s quadratic system in [12]
in fact gp = —sgn[V - f(0, uo)] is positive (or negative) if ,uﬁo) > uio)* (or if
,uso) < uso)*) as shown in Figure 7. The side of the homoclinic loop bifurca-
tion surface /# on which a limit cycle bifurcates from the homoclinic loop I'y
is therefore determined by Corollary 1 for gy # u§ and by Corollary 2 for
Mo = uy . The results are consistent with Rousseau’s results shown in Figure 7.
It was shown by the author in [25] that as po — g along the curve %, the
quantity J;, defined by (14), approaches the quantity %I 1 , defined by (2), with
#o = p in (2); cf. Lemma 4 in §4. Thus, since I} = .59 > 0 for po = ug, it
follows that J; > 0, at least for uo near u§ on % . (This is also borne out by
numerical computation.) And since the semistable, multiplicity-two limit cycle
L, for this system, which occurs when u € % , is stable on its exterior (which
follows since the critical point inside L, is stable), we have go = —1 along % .
Thus, according to the result in Theorem 2, two limit cycles bifurcate from L,
for Au; < 0, i.e., for u; < g(us), since wyopJ; < 0; and once again this is
consistent with Rousseau’s results shown in Figure 7. The phase portraits for
this quadratic system are given by Rousseau in [12] and in Figure 9 of this pa-
per. The new result that the bifurcation curves /# and % in Figure 7 intersect
at a flat contact at u# = ug; follows from Corollary 4 in §4.

It should be noted that in any small neighborhood of the point u; in Figure

7 there is a (unique) limit cycle of Rousseau’s system for u; < hA(4z2) and no
unique stable or unstable limit cycle for x; > A(u;) ; in fact, there are either two
simple limit cycles, one multiplicity-two limit cycle, or no limit cycles for u; >
h(uz) and g in a small neighborhood of uf . This is consistent with the results
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in Corollary 2 (since wolol; < 0 in this example). Other interesting examples
with homoclinic loop and multiplicity-two limit cycle bifurcation surfaces can
be found in [11-15].

The proof of Theorem 2 follows directly from the Weierstrass preparation
theorem (for analytic functions) and the Malgrange preparation theorem (for
C* functions) in view of the following classical result for the derivatives
d,,(0, uo) of the displacement function d(n, ) which is defined and C* or
analytic in a neighborhood of the point (0, #9) according to Lemma 1.1 in
[28]. Note that as in [28] the displacement function along the transversal [,
d(n,p)=h(n, u)—n where h(n, u) is the Poincaré map for the system (1,)
along /p and n is the coordinate along /; as in §1.

Lemma 3. Under the hypotheses of Theorem 2, for j=1,2,..., m,

(15) dy, (0, po) = —woJj/If(xo, po)|

where wo = 1 according to the orientation of the multiplicity-two limit cycle
Xo(8), X0 =x0(0), and J; is defined by (14).

This classical formula is equation (36), p. 384 in [1] with fOT" Vf(xo(t), o) dt
=0 since Xxo(?) is a multiple limit cycle; cf. Lemma 2 in [4] and equation (3.17)
in [7]. As was pointed out by Chicone and Jacobs [2], equation (15) is one of
the most useful results in the study of bifurcations of limit cycles of planar
dynamical systems.

Proof of Theorem 2. Under the hypotheses of Theorem 2, it follows from Lemma
3 and the fact that Lo is a multiplicity-two limit cycle of (1,,), cf. Defini-
tion 2 on p. 198 in [9], that d(0, uo) = d,(0, o) = 0, dua(0, #o) # 0, and
dy, (0, o) # 0, where n is the coordinate along the normal line / to the limit
cycle Ly at the point xo . Furthermore, thereisa d > 0 such that d(n, #) isa
Ck or analytic function of n and u for |n| < d and |u— mo| < d; cf. Lemma
1.1 in [28] or Lemma 13 and Remark 1 on p. 74 in [29]. Thus, according to the
Weierstrass preparation theorem for analytic functions or the Malgrange prepa-
ration theorem for C* functions, cf. [1 and 27], there exists a d > 0 such that
the displacement function

(16) d(n, p) = [n* + Ai()n + A2(w)1®(n, p)

where A;(u), A>(#), and ®(n, g) are C* or analytic functions for |n| < 6
and |u — po| <6 Ai(mo) = A2(mo) =0, D(0, o) # 0; and 0Az(mo)/Op1 # 0
since d,, (0, #o) # 0. It then follows from (16) that

(A7) da(n, p) = [2n+ 4 (@)]Q(n, p) + [ + A (u)n + Az ()] @u(n, p)

and

(18) dun(t, p) =20(n, p) + 220 + A, (4)]1n(n, )

+[n? + () + Ay ()] ®@un(n, 1)

for |n| < 0 and |u — wo| < 6. And from equations (16), (17), and (18) we
see that if 2n + A;(#) = 0 and n? + A, (u)n + A>(u) = 0, then (1,) has a
multiplicity-two limit cycle through the point on /; with coordinate n. So we
set n="—A,(4)/2 and find that, from (16), d(—A,(x)/2, u) =0 iff the C* or
analytic function

G(u) = A} (u) — Ax(u) =0
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(since by continuity ®(n, ug) # 0 for |n| < J and |u—pmp| < J). But G(uo) =
0 since A;(uo) = A2(uo) =0 and

G 04,

6_/11(”0) =———(#uo) #0

since d,, (0, #o) # 0. Thus, it follows from the implicit function theorem for
Ck or analytic functions, Theorem 10.2.3 or Theorem 10.2.4 on p. 268 in [22]
respectively, that there exists a § > 0 and a unique function g(uz, ..., im)

such that g(uf, ..., ufY) = u{” and G(g(a, .-\ fim), 2y -+ tim) = O
for |u; _#3_0)| <&, j=2,...,m; furthermore, g(us, ..., um) is C* or
analytic for |u; — u§°)| <d, j=2,...,m. We have therefore shown that

if the point # € R” with |u — mo| < & lies on the C* or analytic surface
g:.ul =g(lu2! ooy ,um) and if

(19) n=—34(n)),

then, from (16)-(18), it follows that d(n, #) = d,(n, #) =0 and d,,(n, #) =
20(n, u) # 0; ie., (1,) with 4 € € has a multiplicity-two, semistable limit
cycle L, through the point on [, with coordinate n(#) determined by (19).
Furthermore, on the side of the surface & where G(u) > 0, the equation
d(n(u), p) =0 with n(u) given by (19) has two real solutions given by

(20) n* () = — 341 () £ [ AX) 4~ o)

and on the side of & where G(u) < 0, d(n(u), u) = 0 has no real solution; i.e.,
locally, (1,) has two limit cycles if G(u) >0 and no limit cycle if G(u) <O0.
And it follows from (17) that if n*(u) is given by (20) then d,(n*(u), #) 20
respectively; i.e., locally, (1,) has two simple (unstable or stable) limit cycles
if G(u) > 0. The fact that the side of Z on which (1,) has two simple limit
cycles is determined by the sign of wgooJ1Au; , with Apy = u1—g(U2, ..., m),
follows exactly as in Theorem 3 in [4] or as in the theorem in the appendix
of [28]; and the fact that the period 7, of the limit cycle L, of (1,) with
M € % approaches T, as u approaches g, follows exactly as in the proof of
the existence of the Poincaré map, cf., e.g., Theorem 1 on p. 194 in [9]. This
completes the proof of Theorem 2.

Remark 5. The surface

%:n—_——%Al(g(ﬂz,...,ﬂm), ,U2,--~aﬂm)

defined in the proof of Theorem 2 is the lifting of the surface & from the
parameter space R” into the (u, n) space R™*!; locally it represents the
bifurcation surface d(n, #) = 0 as defined in [26].

Remark 6. In [24] it is shown that for an analytic system (1,), any local one-
parameter family of multiplicity-two limit cycles & (such as that established in
Theorem 2 with m = 2) can be continued to a unique, maximal, one-parameter
family of multiplicity-two limit cycles which is either unbounded or cyclic or
which terminates at a degenerate Hopf bifurcation of order k > 2 (which is
generically of order k = 2) or at a degenerate homoclinic loop bifurcation of
order k > 2 (which is generically of order k = 2) or at a degenerate critical
point of (1,). It is also shown in [24] that this same type of termination
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principle holds for one-parameter families of multiplicity-k limit cycles %
(whose local existence is established in [24]). That work extends the author’s
planar termination principle for one-parameter families of simple limit cycles
in [28] to one-parameter families of multiple limit cycles.

In the next section we show that if a one-parameter family of multiplicity-two
limit cycles & of (1,) terminates at a homoclinic loop bifurcation at 4 = uo,
then generically there is a unique homoclinic loop bifurcation curve # through
the point #o € R? and the curves @ and # have a flat contact at u = ug.

4. INTERSECTIONS OF % AND #

The discussion in this section is restricted to the case where # € R?>. We
therefore let # = (a, f) and begin with a few preliminary definitions.

Definition 2. If x € C(0, oo) and there are positive constants J, kg, and ag >
1 such that for 0 < f < ¢ |x(ﬂ)a5/ £ | < ko, then k(B) is exponentially flat at
B=0.

Definition 3. If ¥ € C*~(0, o0) and x(0%) = k'(0*) =--- =0, then x(B) has
a flat contact (or a contact of infinite order) with the B-axis at B = 0; and if
g, heC®(Py,00) and gW(BF)=h®(BF) for k=0,1,2,...,then g and
h have a flat contact at the point (ag, Bo) € R where ag = g(B5) = h(By) .

If xk € C°(0, o) and x(0*) exists then we can define the right-hand deriva-

tiveat f =0, (8) - (0
, . K(B) -k
K,(0) = Jim S5

if the limit exists. If x/ (0) and x’(0*) both exist then it follows from the mean
value theorem that x’ (0) = x’(0*) . Furthermore, it is not difficult to show that
if ¥ € C*(0, o0) is exponentially flat at f =0 and if x(0*), ¥’(0%), ... exist,
then x(0*) =«x'(0*) =--- =0, ie., k(B) has a flat contact with the B-axis at
B = 0; however, k() being exponentially flat at § = 0 does not imply that
i(f) has a flat contact with the f-axis at f = 0 unless we know that x'(0%),
k"(0%), ... all exist. For example, the function '

xk(B) = e~ /B sin(e!’$) € C=(0, o)

is exponentially flat at =0, x(0*) =0, and /. (0) =0, but «’(0*) does not
exist and k() does not have a flat contact with the S-axis at # = 0. Thus, in
the context of Definitions 2 and 3, Dumortier, Roussarie and Sotomayor [15]
only show that the surfaces & and #, defined in [15], have an exponentially
flat intersection, but they do not show that % and # have a flat contact since,
as they point out in their final remark, the derivatives I(0*), I'’(0*), ... may
not exist. However, according to Theorem 5 or its corollary in this paper, the
surfaces & and # in [15] do, in fact, intersect at a flat contact and I''(0*) =
I"ot)y=---=0.

In this section, we show that if a C>~ system (1,) with g € R? has a
multiplicity-two limit cycle bifurcation curve & which intersects a homoclinic
loop bifurcation curve # at a point uo € R?, then typically € and # have a
flat contact at the point g (cf. Corollary 4). More specifically, if a C> system
(1,) with u € R? has a multiplicity-two limit cycle bifurcation curve % which
terminates at a homoclinic loop bifurcation as g — gy = (ag, fo), i.e., if as
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o o

o_wyl, <0 o_wyl, >0

FIGURE 8. The bifurcation diagram for the system (1,)
under the hypotheses of Theorem 3 where 0_ = +sgnV
-f(0, h(B), B) for B < Py according to whether the
Poincaré map is defined on the exterior or on the inte-
rior of I'y respectively

B — By the one-parameter family of multiplicity-two limit cycles xg () of (1)
approaches a separatrix cycle Sy = I'g U {0} at a hyperbolic saddle point 0 of
(1), then V -£(0, go) = 0. (Cf. Theorem 3.) Hence, the resonance condition
(1.9) in [16] is satisfied and according to Theorem A in [16], we typically have
a unique homoclinic loop bifurcation curve /# through the point g € R? (cf.
Theorem 4) and furthermore, /# and % intersect at a flat contact at g € R?
(cf. Theorem 5).

The next theorem shows that if a multiplicity-two limit cycle bifurcation
curve % intersects a homoclinic loop bifurcation curve # at a point g € R?,
then V -f(0, #o) = 0; i.e., in the terminology of [16], we have a homoclinic
bifurcation at resonant eigenvalues. (Note that in this case, the eigenvalues
of Df(0, o) are equal in magnitude and of opposite sign.) Theorem 3 and
its corollary also determine the local bifurcation diagram and the local phase
portraits for the system (1,) with # near uq in the generic case. As on p. 183
in [16], a vector field f € C*(R? x R?) is said to be generic if it belongs to a
residual subset of C*(R? x R?).

Theorem 3. In addition to the hypotheses of Theorem 1, suppose that there ex-
ists a & > 0 such that the C> system (1,) with g = (a, B) € R? has a
homoclinic loop bifurcation curve 7 : o = h(B) for Bo—36 < B < Bo+ 9 and
a multiplicity-two limit cycle bifurcation curve € : o = g(f) for Bo < B <
Bo + & which intersect at uy = (oo, Po), i.e., ag = h(fo) = g(By) and for
all t e R, limﬂ_,ﬂg xg(t) € To U {0}, where xg(t) is the one-parameter family
of multiplicity-two limit cycles of (1,,) with ug = (g(B), B), and Ty is the
homoclinic loop at the hyperbolic saddle point 0 of (1,,). It then follows that
V-£(0, uo) = 0, and if the vector field f € C=(R? x R?) is generic, it follows that
dv - £(0, h(B), B)1/dB # 0, i.e, V-£(0, h(B), B) changes sign at B = Py,
and the bifurcation diagram for (1,) with p near uq is given in Figure 8 where
I, is defined by equation (2).
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0 1 2

FIGURE 9. The local phase portraits for the system (1,)
under the hypotheses of Corollary 3 with 4 in the re-
gions 0, 1, and 2 shown in Figure 8

Corollary 3. Under the hypotheses of Theorem 3, if wy > 0, o_ < 0, and the
Poincaré map is defined on the interior of Ty, then the phase portraits for the
system (1,) with u in the regions 0, 1, and 2 in Figure 8 are given in Figure
9.

Remark 7. The phase portraits for the other cases that can occur in Corollary
3 are not difficult to determine (since the limit cycle that bifurcates from a
simple separatrix cycle I'y has the same stability as the separatrix cycle); e.g., if
wo <0 and o_ <0 in Corollary 3, then the phase portraits for the system (1,)
are obtained simply by reversing the direction of the flow in Figure 9. More
importantly, whether the one-parameter family of multiplicity-two limit cycles
% in Figure 8 exists for B > By or for B < By is determined by the stability
of the degenerate homoclinic loop I'y of (1,,) and, in particular by the sign
of Iy, defined by (4); i.e., if I < 0 then & exists for B > Bo (as in Figure
8) and if I, > 0 then & exists for B < By (as in Figure 8 rotated through =n
radians about the line § = f).

Theorem 3 and its corollary follow directly from Theorems 1 and 2, Corollary
1 and the following lemma, which is Lemma 4 in [25].

Lemma 4. Under the hypotheses of Theorem 3,

lim 2J;,(8) =1,

Jim 27,(8) =1,
Jor j=1,2 where J;j(B) is defined by equation (14) with u = pug = (g(B), B)
and g(B) is defined in the hypotheses of Theorem 3.

We may, without loss of generality, assume that gy = 0; otherwise, we can
translate the origin of the parameter space R? to the point uo. The next
theorem is Theorem A, p. 183 in [16] for the case when x € RZ.

Theorem 4. Suppose that f is a generic, C*® vector field, f: R* xR?2 — R?, that
the system (1,) with u =0 has a homoclinic orbit Ty at the hyperbolic saddle
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point 0 of (ly), and that the “resonance condition” V - (0, 0) = 0 is satisfied.
It then follows that there exists a 6 > 0 and a C*® diffeomorphic change of
parameters € = €(u) at u = 0, with inverse u = u(€), and a function k(&)
continuous on [0, ) and of class C* on (0, d) with k(0) =0 such that (1,)
has a unique, multiplicity-two limit cycle bifurcation curve € : &y = k(&) on
(0, 0) and a unique homoclinic loop bifurcation curve # :e; =0 on (-6, 9);
furthermore, there exist constants ag > 1 and kg > 0 such that

lim (k(1)ag" /21) = ko
& —0*

and iffor e = ¢ € (0, ), x.(t) denotes the one-parameter family of multiplicity-
two limit cycles of (1,) with u = u(e, k(g)), then for all t € R, lim,_,o+ X,(¢) €
o U {0}.

Theorem 5. Under the hypotheses of Theorem 4, the multiplicity-two limit cycle
bifurcation curve % and the homoclinic loop bifurcation curve # have a flat
contactat u=0.

Corollary 4. Under the hypotheses of Theorem 3, if f is a generic vector field,
then & and # have a flat contact at pu = uy .

Theorem 5 follows from the next lemma, which implies that x(0*) = k’(0%)
=k"(0*)=---=0.

Lemma 5. Under the hypotheses of Theorem 4, for n=0,1,2, ...
x(”)(e) - 0(a0—1/8/82n—l)
as ¢ — 0*.

Before proving this lemma, we note that under the hypotheses of Theorem
4, it follows from Corollary 4.3, p. 205 in [16] that there exists a function a(e€)
which is locally of class C*> near € = 0 such that the bifurcation equation
(4.8) on p. 203 in [16] has the normal form

r=eé+a(e, &)r'tt + 0(r'*®)

as ¢ — 07 where 0 < w < 1; furthermore, according to Remark 4.4, p. 206
in [16], ap = a(0) > 1 and, as in the proof of Lemma 5.3 on p. 211 in [16],
for r and ¢ = &; near zero, there exists a unique C* solution é&;(r, €) of the
“bifurcation equation”

(21) r=er,e)+ae, exr, e))r'te + O(r'+®)

as ¢ — 0* where w is some fixed constant with 0 < w < 1; cf. equation
(5.11a), p. 211 in [16]. Also, as on p. 211 in [16], we let r.(¢) be the unique
C® solution of the equation defining the “fold condition” (along the curve %)

(22) 1=(1+¢)a(e, ex(r«(e), &))re(e)® + O(r()®)

as ¢ — 0% ; cf. equation (5.11b), p. 211 in [16]. The next lemma then follows
directly from Lemma 5.3 on p. 211 in [16] and the fact that a(e, &,(r«(€), €)) =
ao+ ai& + O(e?) as &€ — 0 which follows from Taylor’s theorem.
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Lemma 6. Under the hypotheses of Theorem 4, there are constants ag > 1 and
ko > 0 such that

lim al/°r.(e) = ko, lim r.(e)* = 1/ap, lim elnr.(e)=In1/ao,
e—0+ e—0t e—0+

and
lim0 (aé/‘rc(s)/s) — ko
e—0+

where ay = a(0) > 1, ky = exp[—1 — a;/ap], k() is the function defined in
Theorem 4 and r.(g) is the solution of (22).

Remark 8. It can be shown that

r.(e) = koay *[1+ O(e)] and «(e) = koeay '/*[1 + O(e)]
as ¢ — 0™ ; however, this will not be necessary for our purpose.
Proof of Lemma 5. As in [16], let the functions &(r, &) and r.(¢) be the
unique, C* solutions of (21) and (22) respectively and, as on p. 212 in [16],
define the function x(e) = &x(r.(¢), €)) for small ¢ > 0 and define x(0) = 0.
It then follows from Lemma 5.3 in [16] that « € C[0, d) for some J > 0 and
it follows, as in the proof of Lemma 5.3 in [16], that for 0 < ¢ < d, k(¢) and
r.(¢) are the unique C* solutions of

K(e) = ru(e) — ale, k(e))r(e)' ™ + O(r.(e)'+*)

and
(23) 1 =(1+¢&)a(e, x(&))r(e) + O(re(e)®)

as ¢ — 0% respectively. The first of these equations could be used to obtain
asymptotic estimates for x("(g) in terms of r{" (&) ; however, a sharper estimate
can be obtained if we substitute equation (23) into the above equation for x(¢)
to obtain

(24) k(e) = ea(e, k(€))r.(e)'** + O(r.(e)'*?)

as ¢ — 0*.

If we let D = d/de, it then follows from (23) and the fact, established
in Lemma 4.2, p. 203 in [16], that the error terms in (23) and (24) can be
differentiated any number of times, that

(1 +e)a(e, x(e))DIr.(e)*] = =D[(1 + e)a(e, k(&))]r.(e)* + O(D[r.(e)*])

= - [a(s, K(e)) + (1 + 8)3—:1(8, K(e)) + (1 + 8)%(8, x(s))lc’(e)] r.(e)¢
+ O[r.(e)*7'ru(e)]
as ¢ —» 0*. And then from (24) and Lemma 6,
k'(e) = ea(e, k(e))r.(e)°r.(e)
+ [a(e, K(€)) + 866—:(8, K(€)) + 83—;(8, K(a))k’(s)] re(e)l*e

+O(D[r.(e)"**])
which, in turn, implies that
(25) K'(e) = eagr.(e)°r.(e)[1 + O(e)]
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as ¢ — 0% . Substituting (25) into the equation above for DJ[r.(¢)¢] and using
Lemma 6 then leads to

(26) DIr. (2] = O(1) + O (&) ' 7.(e), e71(2))
or
s:igz; +1Inr.(e) = O(1) + O(r.(e)°~'r.(e), eri(e))
or
A+ 0 ()2, ru(e)] = Ry o)
or finally
(27) ri(e) = ~=EREC 4 o

as ¢ — 0% since r.(¢)?/e = O(e) and r.(¢) = O(e) as ¢ — 0t according to
Lemma 6. It follows, using Lemma 6, that

(28) Jlim e2ay/*r.(e) = koInay .
It then follows from Lemma 6, (25), and (27) that
(29) lim eay)°x'(e) = kolnap.
Next, it follows from (23) that
(1+e)a(e, k(e))D?[r.(e)°]
= —D*[(1 +¢)a(e, k(&))]r.(e)* — 2D[(1 + &)a(e, k(&))1DIr.(&)]
+ O(D?[r.(e)])
and from (24) that
k" (e) = ea(e, k(e))D*[r.(e)'**] + 2D[ea(e, k(€)))D[r.(e)'*]
+ D*[ea(e, k(&))Ir.(e)'** + O(D*[r.(e) "))
which implies that
(30) K" (€) = eagr.(e)r) (e)[1 + O(e)]

as ¢ — 0*. Substituting (30) into the above equation for D?[r.(¢)¢], using
(28), (29), and Lemma 6, then leads to

(31) D?[r.(e)*] = O(1/€*) + O(r. ()~ "1l (e) , erl (e))
> () erie) _ (1
er)(e) er(e)® w11 "
S e 0 (5) rorere, e
or
" ri(e)?
r(e)[1+ O(r(e)? /e, r.(€))] = T(E)_[l + O(¢)]
or finally
/! r!/‘t(e)2
(32) r.(e) = =——+[1+0(e)]

re(€)
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as ¢ — 0% . It then follows from (27) and Lemma 6 that
(33) lim &*ay’*r(e) = ko(Inao)”.
Thus, from (30) and (33),
lim e3ay"°k" (&) = ko(Inap)?.
Proceeding in this manner, we assume that
r®(e) = O(ag'?/e?*) and k®(e) = O(ay'/* /1)

as ¢ — 0* for Kk = 0,...,n—1 and show, by induction, that these esti-
mates hold for k = n. Using Lemma 6, it follows from (24) and the above
assumptions that

k™ (e) = ea(e, k(€))D"[r.(e)'**][1 + O(e)] + O(D"[r.(e)'**))
which implies that k(™ (e) = O(er" (¢)) as &¢ — 0* and then (23) implies that
D'[r(e)*] = O(1/¢?"7%) + O(r(e)*' R (e) , eri"(¢))
which, after some lengthy algebraic simplification using Lemma 6, implies that
r(e) = O(ri(e)"r.(e)"™") = Olag ' [e™)

and this, in turn, implies that

K(n)(s) — 0(00—1/8/82n—l)
as ¢ — 0% . This completes the proof of Lemma 5.
Remark 9. The asymptotic estimate

K(n)(g) — O(ao_l/e/sz”"‘)
as ¢ — 0* is just what one would expect from the result

x(e) = O(eay /")

as ¢ — 07 in Theorem A in [16] since the nth derivative of the function
F(e) = 1=:a0"1/8 ,
F"(g) = O(ag "% [e*"~1)
as ¢ — 0% ; in fact,
F"(e) = (a5 '*/e2" ") (Inao)"[1 + O(e)]
as e—> 0" forn=0,1,2,....

Remark 10. In Theorem A of [16], i.e., Theorem 4, Chow, Deng, and Fiedler
show that if the “resonance condition” V -f(0, uo) = 0 is satisfied for a system
(1,4,) having a homoclinic loop I'y at a hyperbolic saddle point 0, then “reso-
nant side switching” typically occurs at uq; i.e., in the case when f is a generic
vector field, there is a unique homoclinic loop bifurcation curve # through
the point gy and a unique multiplicity-two limit cycle bifurcation curve &,
which has a flat contact with # at g, according to Theorems 4 and 5. One
disadvantage of these theorems is that it is usually difficult to establish that the
vector field f is generic. However, in the case when I; # 0 or when f(x, a, f)
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FiGURE 10. Resonant side switching at g for the case
when go(f)o > 0 for B < Bo. The arrows indicate the
side of # or H on which a limit cycle bifurcates from
Iy or x; respectively

defines a one-parameter family of rotated vector fields with parameter a, the
following set of conditions, given in terms of quantities which can be easily
calculated, are sufficient for resonant side switching to occur at #g = (ag, fo):

(1) Suppose that (1,,) has a homoclinic loop I'; at a hyperbolic saddle
point 0, that V- f(0, #9) = 0, and that V - (0, h(B), B) changes its
sign at B = By, where the function A(f) is defined in Theorem 1.

(2) Suppose that for g = (a;, f) the system (1,) has a weak focus of
multiplicity one at the critical point x,;i.e., V-f(x;, a;, fp) =0 and
the first focal value o for (1,), defined by equation (3’) on p. 317 in
[9], is not zero; and suppose that (8/0a) V -f(x;, a;, o) # 0. (It
then follows that there is a unique Hopf bifurcation curve a = H(f)
through the point (a;, fo) in the (a, B) plane.)

(3) Finally, suppose that x, is the only critical point of (1,) on the interior
of Ty and that g, = (ag — a})weol; > 0, where wq is defined by the
orientation of the homoclinic loop I'y (or of the weak focus x;), o is
defined by (3’) on p. 317 in [9], and I; is defined by (2). (This implies
that the homoclinic loop bifurcation curve # lies on the side of the
Hopf bifurcation curve H on which there exists a limit cycle; cf. Figure
10.)

The theory of rotated vector fields in [7] or [17] can then be used to show
that, under conditions (1)-(3) above, there exists a multiplicity-two limit cy-
cle bifurcation curve % : a = g(B) defined on the side of gy = (ao, Bo)
where do(B)o > 0, where ao(B) = =V - f(0, h(B), B) according to whether
the Poincaré map is defined on the exterior or interior of I'y respectively, and
limg_, 4, g(B) = ag. Cf. Figure 10 for the case when ao(B)g >0 for B < fo.

There is another type of side switching that typically occurs when the system
(14,) has a weak focus of multiplicity two. Since this occurs in many important
examples in the literature, cf., e.g., [11-15], we give a set of conditions which
are sufficient for this type of side switching to occur at gy = (@, fo) when
1 1 # 0:
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FiGure 11. Side switching at g, for the case when
a(B)ay > 0 for B > By. The arrows indicate the side
of H or # on which a limit cycle bifurcates from xg
or I'y respectively

(1) Suppose that (1,,) has a weak focus of multiplicity-two at the critical
point xo and that (8/0a)V - f(xq, ag, Bo) # 0. (It then follows that
there is a unique Hopf bifurcation curve a = H(B) through the point
Ho -)

(2) Suppose that for g = (a;, fo) the system (1,) has a homoclinic loop
I'o at a hyperbolic saddle point 0 and that V -f(0, a;, fo) #0.

(3) Suppose that xo is the only critical point of (1,) on the interior of
I'v and that 0, = (ag — a))wegpl; > 0, where wq is defined by the
orientation of the homoclinic loop I'y (or the weak focus xq), gy =
+V - £(0, a;, Bo) according to whether the Poincaré map is defined on
the exterior or interior of I'y respectively, and I, is defined by (2).
(This implies that the Hopf bifurcation curve H lies on the side of
the homoclinic loop bifurcation curve # on which there exists a limit
cycle; cf. Figure 11.

The theory of rotated vector fields in [7] or [17] can then be used to show
that there exists a multiplicity-two limit cycle bifurcation curve & : a = g(8)
defined on the side of uo = (ag, Bo) on which a(g)00 > 0, where o) is the first
focal value for (1,), defined by (3’) on p. 317 in [9], and limg_g, g(B) = a9 .
Cf. Figure 11 for the case when a(fB)gp > 0 for 8> fy.

When both of the above types of side switching occur in a system (1,), we
have “double side switching” that occurs as in the example of Rousseau at the
end of §2. We end this paper with a set of conditions sufficient for double side
switching to occur when I; #0.

(1) Suppose that (1,,) has a homoclinic loop I'y at a hyperbolic saddle
point 0, that V -f(0, go) = 0, and that V -f(0, ~(B), B) changes its
sign at B = B, where the function 4(f) is defined in Theorem 1.

(2) Suppose that for g; = (a;, B1), the system (1, ) has a weak focus of
multiplicity-two at the critical point x; and that (§/0a)V -f(x;, #;) #
0. (It then follows that there is a unique Hopf bifurcation curve o =
H(pB) through the point g, .)
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FIGURE 12. Double side switching at gy and #,. The
arrows indicate the side of # or H on which a limit
cycle bifurcates from I'y or x; respectively

(3) Suppose that x; is the only critical point of (1,) on the interior of Iy,
that B < fo and that for g = (H(Bo), Bo), 00 = [ao—H(Bo)lwoas,) 11
> 0, where o) is defined for (1,) by (3') on p. 317 in [9], and for
u = (h(Br), B1), o1 = [er — h(B1)lwodo(B1)]1 > 0, where do(B) =
+V - (0, h(B)B) according to whether the Poincaré map is defined
in the exterior or interior of I'y respectively. Finally, suppose that

o(B)oo(B) >0 for fi< B < po.
The theory of rotated vector fields in [7] or [17] can then be used to show that
there exists a multiplicity-two limit cycle bifurcation curve & : a = g(f8) de-
fined for ) < B < Bo with limg_ g g(B) = a9 and limg_,g g(B) = a; and
that we have the bifurcation diagram shown in Figure 12, or that bifurcation
diagram rotated about the B-axis. The curve % has a flat contact with # at
Mo and is tangentto H at u;.

APPENDIX |
Under the hypotheses of Theorem 1 (with k > 2), we can obtain a result
similar to the result in Theorem 1 for the system (1,) linearized about u = o,
x = f(x, p) = f(x, po) + fu(x,, o) (s — po) + O — po)?
(34) = f(x, po) + efu(x, po)v + O(&?)
= f(x, po) + e8(x, o, v) + O(€?)

with u — uo = ev and g(x, go, v) = f,(x, go)v, in terms of the Melnikov
function M (ug, v) for the perturbed system (34),

Mpo, v) = / e o VIR0 gy (1) o) Ng(vo(t), po, v) dt

— 00
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given by equation (4.5.6), p. 187 in [8] or by equation (3), p. 379 in [9]. Since
8y, (X, #o, 0) =1, (x, o), it follows that

My, 0) = [~ & kT O 0 g (000, o).

—00

It then follows from Lemma 2, with the integrals I; given by equation (2), that

Wo EWo

B9 b0 =15 o™ ¥ 0 = T, o]
This result was also obtained in [10]; cf. equation (15) in [10]. And from
(35) we see that dg, (o) = —woM,, (4o, 0)/|f(xo, po)|; cf. Lemma 1.1 in [6].
The relationship (35) between the displacement function for (1,) and the Mel-
nikov function for (34) makes it clear that, under the hypotheses of Theorem
1, we have d(mo) = 0 and d,, (#o) # O for the system (1,) or equivalently
M(po,0) =0 and M, (4o, 0) # 0 for the perturbed system (34); thus, using
the implicit function theorem, we can establish the existence of a family of ho-
moclinic orbits for (1,), as in Theorem 1, or for (34), as in Theorem 3.1 in [6]
or Theorem 4, p. 384 in [9] or Lemma 4 in [10].

Remark 11. Melnikov type integrals or equivalent computations appear in the
1890 paper [30] by H. Poincaré (cf. the comments on p. 151 in [31]), in the 1953
paper [7] by G. F. D. Duff (cf. equation (3.1.7) in [7]), in the 1963 paper by
V. K. Melnikov [32], in the 1964 thesis by J. Sotomayor [33], in the 1964 paper
by V. I. Arnold [34], and in the book by A. A. Andronov et al. [1] published
in 1966 (cf. equation (36), p. 384 in [1]; also see references [35] and [36]). It
is therefore difficult to pin down the origins of Melnikov’s method. Suffice it
to say that the idea of computing the distance separating trajectories of (1,),
i.e. computing the displacement function, as well as its partial derivatives with
respect to parameters, in terms of certain integrals along the trajectories of (1,)
has been used by many mathematicians working on the theory of nonlinear
systems of ordinary differential equations at various times during the past 100
years.

Mllj (.”0 ’ 0) .

APPENDIX II

In order to derive the variational equations of (1,) along a trajectory x(¢, u)
of (1,) near the homoclinic orbit I'y of (1,,), let wy denote the orientation
of the separatrix cycle Sp = I'oU {0} and let a = u;. Then for

§(t, p) =0x(t, p)/0a
we obtain the differential equation

(36) & =DE(x(t, p), W& +1La(x(t, #), p)

by differentiating (1,) with respect to a and interchanging the order of differen-
tiation. In coordinates (s, n) along a perpendicular to the trajectory x(¢, #) of
(1,) at the point x(0, @), the normal component of the first variation ¢(z, #)
is given by

on/da = wop/lf]
where p(t) = & AN f(x(t, u), u); cf. Figure 13. This is equation (7) in §2 with
x(t, p) =x,(t). Since p=§Af=Cf, — & fi, it follows that

(37) p=bif-Gfh+&f-&h.
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X(t,

N
FIGURE 13. The local coordinates (s, n) along and per-
pendicular to the trajectory x(¢, #) of (1,) with n be-
ing the exterior normal

But, from the differential equation (1), it follows that

- . 01, of .

Si=5%= dx it 8x2x2
and

- . _0fh. 2fy.
(38) fz—-xz—a—xlx1+ax2x2.

Substituting (36) and (38) into (37) then leads to
p=(V-fp-fnrf,

which is equation (8) in §2 with x(¢, ) = x;(f) . See equation (3.12) on p. 22
in [7].
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